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Abstract. The mechanical behavior of crushable granular materials is characterized by strong 
non-linearity and irreversibility. In this paper, the incremental behavior of crushable granular 
soils is investigated by numerically simulating three dimensional stress probing experiments 
on Distinct Element models consisting of a random assembly of spheres. Particle breakage is 
permitted and the initial high stress condition ensures that crushing will occur along some of 
the loading directions. The results obtained show that particle crushing considered as an 
additional source of plastic mechanism induces a change in the direction of the plastic flow 
and that this direction change is independent of the incremental loading path.  This result is 
independent of damping and the magnitude of plastic strains tends towards an asymptotic 
value as damping increases.
1 INTRODUCTION
Grain fragmentation is significant for several important geotechnical problems, such as 
side friction on driven piles [1], especially when installed in the more friable carbonate sands 
[2]. Development of suitable constitutive models benefits greatly from the knowledge of the 
incremental response of the material. By incremental response, it is understood the 
deformation response to a series of small incremental solicitations (probes) that, starting from 
a unique initial state, point towards various directions in stress space. The incremental 
response [3, 4, 5] is a powerful tool for the verification of basic constitutive postulates such as 
existence and characteristics of incremental nonlinearity, associative behaviour or uniqueness 
of flow rule, especially if elastoplasticity is adopted as the basic framework for the description 
of the mechanical behaviour. Obtaining incremental responses in the laboratory is difficult [6] 
because of the very precise strain measurements that are required and because of the need for 
testing several identical samples (one for each probe).  For this reason DEM models have 
been used to study the incremental behaviour of granular materials in 2D and 3D [7, 8] but 
none of the previous studies has considered the case of crushable soils. In this contribution, 
DEM is used to explore the incremental response for a granular material with crushable 
grains. Three contributions to incremental strains are distinguished: elastic, plastic-structural 
and plastic-crushing. Particular focus is placed on the effects of crushing on the direction of 
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plastic flow.
2 DISCRETE MODEL 
The procedure to simulate crushing using DEM models is described in [9]. The procedure 
has a number of features that enhance significantly computational efficiency, always a 
concern in 3D DEM analysis. All models are built using the PFC3D code. 
A small cubic specimen is filled with randomly assembled weightless spherical particles. 
The grain size distribution corresponds closely to that of Fontainebleau sand [1] with particle 
diameters ranging from 0.1 to 0.4 mm. Specimen boundaries are defined by introducing 
smooth “wall” elements, to which displacement rates can be imposed. Target stress values are 
applied using a servo-control to adjust wall displacement. The smooth rigid boundaries ensure 
that the principal axes of stress and strain are coincident with the cube axis. Principal strains 
are then calculated directly from wall displacements, while the corresponding principal 
stresses are obtained from boundary forces.
A response envelope is obtained by repeatedly testing a representative volumetric element 
(REV) of the material under study. The DEM model of a REV should be as small as possible 
to ease computation, but big enough so that the stresses observed at the boundaries would not 
change with further size increases. Three different numerical specimens with side lengths of 
3, 4 and 6 mm and filled with about 5000, 10000, and 35000 particles respectively (Figure 1) 
were initially studied. Contact law parameters were calibrated simulating drained triaxial 
compression of dense and loose specimens under 100 kPa confinement. Particle failure 
criterion parameters were calibrated simulating a one dimensional high pressure compression 
test (see [9] for calibration details). Calibrated model parameters are summarized in Table 1. 
Comparing the results of the three models, it was found that consistent and reliable results 
required using at least 10000 particles. The results presented here have been obtained using 
the 35000-particles numerical specimen. 
Figure 1: The three DEM models (visualised with different magnification)
Table 1: Discrete-element method input parameters for simulation 
d50 [mm] [rad] G [kPa]  lim,0 [kPa] m d0 [mm] CV
0.21 0.27 3e6 0.3 5e6 10 2 1
41
Antonio Gens, Matteo O. Ciantia and Marcos Arroyo 
Table 2: Initial conditions of the three numerical samples 
sample   1st gen 2nd gen 3rd gen z x y n-total n-DEM 
small 4389 4675 4367 308 0 31.5 10.0 10.0 0.336 0.339 
mid 10397 13231 10180 3037 14 31.5 12.3 12.5 0.319 0.338 
large 35083 40361 34679 5654 28 31.5 12.0 12.0 0.324 0.334 
3 STRESS PROBING PROGRAM 
3.1 Initial state and stress probes 
The initial state selected for probing is reached by one dimensional compression up to a 
vertical stress of 31.5 MPa at which stage crushing of some particles has already taken place.
In the particular case of axisymmetric (triaxial) loading, the number of independent stress 
and strain variables reduces to two, and a convenient graphical representation can be given in 
a Rendulic plane. In such plane of stress increments (Figure 2a) the magnitude of the stress 
probes is computed as:
                              22 2 2 2: 2x y z r z    (1) 
and the stress probe direction is defined by the angle   between the  r axis and the stress 
increment vector: 
    
    
1tan 0;360z
r
   (2) 
The magnitude of the stress probes in this study was 300 kPa (1% of the current vertical 
stress). The response is depicted by using the incremental strain response envelope [3]. This is 
plotted in a Rendulic plane for strain increments, (   :z r ) (Figure 2b). The direction of 
strain increment is defined by the angle   , between the  r  axis and the strain increment 
vector:
    
    
1tan 0;360z
r
   (3) 
The strain increment directions corresponding to pure deviatoric and pure volumetric strain 
are also indicated in Figure 2b for reference. 
3.2 Strain response decomposition 
The total computed incremental deformation is decomposed into a reversible (“elastic”) 
part,  e , and two irreversible (“plastic”) parts: 
               e p e pu pc    (4) 
 pu  (plastic-uncrushable) is the irreversible component of strain increments in the case 
where no crushing occurs, while  pc   are crushing-induced plastic strain increments. To 
achieve this decomposition, three tests are run in parallel for each stress probe. The first one is 
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performed on a specimen described by the reference discrete model. The second one runs on 
an “elastic” counterpart of the DEM specimen, in which all the mechanisms responsible for 
plasticity (interparticle sliding, opening of contacts and particle crushing) have been inhibited. 
The third one runs in a non-crushable counterpart, in which only crushing is inhibited. The 
plastic-structural strain increment is computed as the difference between the total strain 
increments obtained in the last two cases. The DEM model with no crushing provides a 
“standard elasto-plastic” increment (     ep  ), and the “elastic” DEM specimen an elastic 
strain increment (  e  ). Therefore 
      pu ep e    (5) 
The irreversible strain components induced by crushing are computed as the difference 
between the total strain increments for the reference model (     epc ), minus the elastic       
(  e ) and plastic-uncrushable (  pu  ) strain increments obtained for the same stress probe 
         pc e pu    (6) 
Figure 2: Stress probes: IC/E = isotropic compression/expansion, TC/E = “triaxial” (axi-symmetric) 
compression/extension; DC/E = purely deviatoric compression/extension; RE/C = radial extension/compression; 
EDO = oedometric compression within the range of k0 developed in the whole simulation. b) Representative 
response envelope to stress probes.
4 RESULTS
A non-viscous local damping [11] was used to reduce dynamic instability during stress 
probes. It was found that the orientation of incremental crushing strains and that the plastic 
structural strains were insensitive to the level of damping.  
In Figures 3a and 3b, the strain response envelopes obtained for the large specimen from 
stress probing with low and high damping values are presented. On each plot response 
envelopes are shown for the elastic, elasto-plastic and elasto-plastic-crushable case. 
Irrespective of damping, all the plastic envelopes are markedly asymmetric about the origin, 
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which is a clear indication of incremental non linearity. The incremental plastic strains are 
shown in Figures 3c and 3d. They lie very close to two different lines, which correspond to 
the direction of plastic flow without crushing and to the direction of the strains due to 
crushing. Thus, crushing induces a rotation of the plastic flow direction away from the purely 
deviatoric case; in plasticity terms, plastic potential changes when crushing is introduced.
Figure 3: Elastic, elasto-plastic and elasto-plastic with crushing strain envelopes obtained with the large 
specimen for a,c) low damping (0.05) b,d) large damping (0.6).  
5 CONCLUSIONS 
The incremental response explored here proves that the inclusion of crushing as another 
source of plasticity in granular materials changes the direction of plastic flow, introducing 
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more contraction. This result is independent of damping and the magnitude of plastic strains 
tends towards an asymptotic value as damping increases.  
6 ACKNOWLEDGEMENTS 
This work has been supported by the Ministry of Science and Innovation of Spain through 
the research grant BIA2011-27217 and BIA2014-59467-R 
REFERENCES 
[1] Yang, Z. X., Jardine, R. J., Zhu, B. T., Foray, P. and Tshua, H. C. Sand grain crushing and 
interface shearing during displacement pile installation in sand Géotechnique (2010) 60:
469–482
[2] King, R. & Lodge, M. North-West shelf development the foundation engineering 
challenge. In R.J. Jewell & M.S. Khorshid (eds.) Engineering for calcareous sediments.
(1988) Balkema. Vol. 2: 333-342.  
[3] Tamagnini, C., Calvetti, F. and Viggiani, G. An assessment of plasticity theories for 
modeling the incrementally nonlinear behavior of granular soils. Journal of engineering 
mathematics, (2005) 52: 265-291. 
[4] Darve, F. and Nicot, F. On incremental non-linearity in granular media: phenomenological 
and multi-scale views (Part I). International journal for numerical and analytical methods 
in geomechanics (2005) 29: 1387-1409. 
[5] Darve, F. and Nicot, F. On flow rule in granular media: phenomenological and multi-scale 
views (Part II). International journal for numerical and analytical methods in 
geomechanics (2005) 29: 1411-1432. 
[6] Costanzo, D., Viggiani, G. and Tamagnini, C. Directional response of a reconstituted fine-
grained soil—Part I: experimental investigation. International journal for numerical and 
analytical methods in geomechanics (2006). 30: 1283-1301. 
[7] Bardet J.P. Numerical simulations of the incremental responses of idealized granular 
materials, Int. J. of Plasticity (1994) 10: 879-908. 
[8] Thornton, C. and Zhang, L. On the evolution of stress and microstructure during general 
3D deviatoric straining of granular media. Geotechnique (2010). 60: 333-341 
[9] Ciantia, M., Arroyo, M., Calvetti, F. and Gens, A. An approach to enhance efficiency of 
DEM modelling of soils with crushable grains, Géotechnique (2015) 65: 91-110
[10] Itasca (2008). Particle flow code in three dimensions: Software manual. Minnesota, 
MN, USA 
[11] Cundall, P.A. (1987) Distinct Element Models of Rock and Soil Structure. In 
Analytical and Computational Methods in Engineering Rock Mechanics. Allen & Unwin 
129–163.
45
